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Abstract. We present a particle-mesh N-body integrator running on
GPU using CUDA. Relying on a grid-based description of the gravita-
tional potential, it can simulate the evolution of self-interacting ‘stars’
in order to model e.g. galaxies. All the steps of the application have
been ported on the GPU , namely 1/ an histogramming algorithm with
CUDPP, 2/ of the resolution of the Poisson equation by means of FFT
with CUFFT and multi-grid relaxation, 3/ of an optimized finite-difference
scheme to compute the accelerations of stars and 4/ of an update pro-
cedure for positions and velocities. We present several tests at different
resolution, and reach a speedup from 2 to 50 depending on the resolution
and on the test case.

1 Introduction

By essence, astrophysics lack of laboratory experiments and from this intrinsic
limitation emerges the need to rely on numerical simulation in order to un-
derstand the observations. Among the different fields of astrophysics, galactic
dynamics has been a playground for numerical simulations for almost 50 years
and it has been accompanied by numerical cosmology which ignited some of the
largest scientific calculations ever made (see e.g. [1–3]). They both heavily relies
on the use of N-Body integration techniques. Among the latter, one can cite
direct N-Body integration (PP hereafter), Particle-Mesh (PM) and its exten-
sions (P3M, AP3M), Tree-codes and AMR integrators. The recent introduction
of ready-to-use API for General Purpose Graphical Processor Units (GPUs here-
after) will strongly impact this domain by providing an easy way to boost the
performances of existing codes. Numerical experiments might be made faster
and incidentally larger and hopefully more accurate. Several implementations
of PP-methods (see e.g. [4, 5]) have previously been made available on GPU.
In such integrators, pairwise interactions between stars are explicitly computed,
implying a O(n2) complexity and thus limiting the number n of particles taken
into account (typically 104 − 105 on a single machine). We present here an
attempt to fully develop on GPU a Particle-Mesh integrator for galactic dynam-
ics, a method that can easily model the evolution of millions of bodies. Using
CUDA, the API developped by NVidia for its devices, the overall speedup with
respect to pure CPU computation spans from 2 to 50 thus promising interesting
perspectives for future simulations.
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First the principles of PM integrators are briefly described in section II.
Then we provide the details of the parallelization using CUDA. Performances
compared to CPU computation are presented in the following section. We discuss
the limitations, the advantages and the perspectives in the last section.

2 An Overview of the Particle-Mesh Integrator
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Fig. 1. Flow of operations in a PM calculation. One cycle corresponds to one time
step. Operations on the left hand side of the diagram act on ’particles’ data, while the
right hand side operations act on fixed grid data.

The purpose of N-Body integrations is to simulate the mechanical evolution
of a dynamical system due to its inner (an sometimes external) interactions.

To simulate the evolution of the system, the positions and the motions of the
stars have to be computed.

The motion of a star at position x and velocity v is modified as time goes
by according to the laws of motion:

x(t+ dt) = x(t) + v × dt (1)
v(t+ dt) = v(t) + γ × dt (2)

γ = −∇φ, (3)

where γ stands for the star’s acceleration and φ(x) stands for the gravitational
potential applied to the star at its location. The potential is a scalar field and
is related to the spatial distribution of matter via the Poisson equation ∇2φ =
4πGρ(x), where ρ(x) stands for the density of stars at a position x. The density
can be computed from the knowledge of the stars positions, which in turn makes
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it possible to predict the motion of these bodies through the evaluation of the
potential. A handful of methods exist to solve this situation (see e.g. [6, 7] for a
review in an astronomical context) and the following sections will focus on the
so-called particle-mesh method (PM hereafter).

Running a PM integrator with realistic problem sizes (1283 and larger) on
the researchers desktop machine can be time consuming. We aim at setting the
foundations of a fast PM integrator able to run large simulations on desktop
machines. It would ease the access to the results of large and more accurate
simulations and/or accelerates the mass production of simulated catalogs by
quickly providing large sets of small numerical experiments. We implemented all
of the steps described involved in such calculation on GPU with CUDA as the
SIMD programming mode and the libraries of the CUDA toolkits could fit the
steps of our method. We mostly take advantage of the multithreading abilities
of these devices to accelerate the computation.

PM-driven N-Body integrations loop over a well-defined sequence of elemen-
tary steps, which can be listed as follow and summarized in figure 1:

1. Density evaluation : knowing the position of the particles, the density ρ is
evaluated on a 3D regular grid. Following an algorithm described by [8], we
implemented an SIMD Nearest-Grid-Point assignment scheme. It relies on
the radix sort and the scan primitives included in the CUDPP library. We
also used a ’mixed’ algorithm which still uses the GPU for finding the nearest
cells to the particles but updates the density on the CPU. The calculations
are much simpler but involve recurrent data transfers between the host and
the device.

2. Potential evaluation: the density ρ being available, the potential is computed
on the same 3D grid via the resolution of the Poisson equation. It is usually
achieved with FFT or multi-grid (MG hereafter) relaxation. MG techniques
are less efficient than FFT but can be used for any kind of boundary con-
ditions (while FFT assumes periodic computational domain). MG can also
solve the modified gravity versions of the Poisson Equation [9]. Paralleliza-
tions of both have been widely studied and implemented [10, 11]. We devel-
oped both versions on the GPU, using the CUFFT API for FFT and writing
from scratch a MG solver.

3. Accelerations calculation: they are directly available from the potential using
finite differentiation of the potential. We adapted this entire step to the GPU
and optimized it from a SIMD point-of-view while taking into account data
locality problems.

4. Interpolation: the data representation switches back to a particle description.
Each body is being independently assigned an acceleration by interpolation
at its position.

5. Velocities and positions update: the accelerations lead to the update of the
velocities and the velocity update allows to update the positions. In practice,
we used a common leapfrog scheme, where velocities and positions are up-
dated in a staggered fashion. This step is parallel by nature as each particle
is being assigned an acceleration and therefore a velocity and a position.
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From this point, a new density can be computed and a new time step can
be started.

These four steps have been adapted for GPUs and, more important, the entire
sequence has been integrated for GPUs in order to limit performance losses due
to data transfer from/to the CPU or main memory. That means that, as soon
as the input data (initial positions and velocities) are calculated or read from a
file, the data is sent to the GPU once and for all and needs to be brought back
on the host only to be written to the output file.

3 Performances

3.1 Setup of the experiments

The subsequent experiments were performed on three sets of initial conditions.
First a Plummer sphere [12] where the particles are distributed isotropically
and satisfy a well-defined profile. The velocity distribution is chosen in order to
balance the gravity and the sphere remains coherent over long period of time.
Second, we simulated an exponential disk, where particles are distributed in a
thin plane and velocities are similar to the one measured in real disc-like galaxies.
This experiment is set up to be unstable by nature, allowing spiral arms to
develop for instance. The third type of simulations consists simply in particles
randomly distributed in a cubic space with random velocities. It is similar to
cosmological simulations that are ignited from a quasi-uniform distribution of
matter. All the simulations are performed on the same volume using 323, 643 and
1283 particles/density cells : smaller problems are of little interests while the next
power of 8 (2563) surpasses the current capacity some routines such as CUFFT
and CUDPP sort and compact. These larger situations will be addressed on
short term as hardware and software improve and our set of simulation already
provides a good insight on the perspectives offered by GPUs. The time step is
chosen in order to achieve an energy conservation of ∆E/E ∼ 10−3 over a time
unit, where the energy is defined as E =

∑
particles

v2

2 −φ(x). The tests were run
on a GeForce 8800 GTX device.

For comparison, we developed a CPU version of the PM integrator, written
in C, compiled using the Intel C compiler. CPU-driven simulations were per-
formed on Opterons Dual-Core at 2.2 GHz, which also hosts the GPU we used.
Let us emphasize that by no means the CPU version should be considered as
fully optimized version, even though loops were optimized by the compiler. The
following results should be more considered as a demonstration of the quick gains
that can be achieved on GPUs with moderate development skills.

On the CPU, Fourier transforms were performed with the FFTW 3.1.2 library
using the single-float precision version and multi-threading was not enabled.
On both the GPU and CPU, FFTs were performed using complex-to-complex
transform. The multi-grid calculation involved 3 V-cycles with five levels of re-
strictions, using 5 pre- and post-recursion smoothing steps. It ensures the same
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level of energy conservation as the FFT calculation ∆E/E ∼ 10−3. The energy
fluctuations were found to be identical between the CPU and GPU versions.

Each of the steps of the integrator is timed separately and ran 1000 times.
As explained in section 2, we used two different histogramming procedures, one
that involves a partial CPU calculation (”GPU Mixed Histo” hereafter) and one
”Full GPU” version that suppresses all CPU calculations at the cost of complex
sorting and compact routines.

3.2 Overall performance
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Fig. 2. The overall speedup compared to the CPU version using an FFT (left panel)
or a multi-grid (right panel) solver, shown as a function of the number of cells. Please
note that y-scales are different in the two panels. Blue lines with circular symbols
stand for the full-GPU calculations, while red ones with diamonds stand for the GPU
simulations with the histogramming partially performed on the host.

According to our experiments, the GPU versions of the PM integrator can
be significantly accelerated, depending of the type of simulation and the number
of cells.

As a first broad picture, the figure 2 presents the overall speedup of Full-GPU
and GPU-Mixed Histo calculations compared to the CPU version for 323, 643 and
1283 simulations. Using FFTs for the Poisson equations, the gain measured for
the Full GPU ranges from a factor 1.6 to 11.5 while the mixed version experiences
a speedup from 2.5 for the smallest versions to 18 for the largest simulation. Using
the multi-grid relaxation, the speedup is at least a factor 10 for both versions of
the histogramming and reaches a level of 43 for the Full-GPU versions and 52
for the GPU-Mix 1283 calculations. Focusing on the 1283 simulations, the GPU-
mixed versions are almost twice faster than the GPU versions, while Multi-Grid
based calculations are almost equivalent if one considers the Full-GPU or GPU-
mixed calculations. One can also note that the random calculations are less
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Fig. 3. Absolute timings for the different stages of a single time step for the CPU and
the GPU versions. For a given run, histogramming is performed either on the GPU
(Histo) or on the CPU (HistoMix). Also the Poisson equation is solved using FFT or
Multi-Grid relaxation (MG). For the CPU version, the Histo and HistoMix routines
are identical.

efficient when the histogram is performed on the CPU. All these trends result
from different limitations and specificities that are detailed hereafter.

3.3 Bottlenecks

CPU and GPU versions are limited by different bottlenecks. It can be seen from
Fig. 3 which details the execution times of the different steps involved in a
single timestep for the 1283 simulations. Histogramming on the GPU and Mixed
histogramming are shown side by side even if only one of these implementations
is used in a given simulation run. The same remark holds for the FFT-based and
the MG-based Poisson solvers.

The CPU version depends heavily on the performance of the Poisson solver:
about 75 % of a timestep is spent solving the Poisson equation when the FFT
solver is called while this proportion is close to a 100% when the MG solver is
used.

Meanwhile, the Full-GPU version is more influenced by the density calcula-
tion. Histogramming is not naturally suited to SIMD calculations and involves
complex operations (sorting/segmented scan). If FFT is used for the Poisson
equation, 60 % of its computational time is spent constructing the density. Us-
ing MG, the fraction of time spent in the histogramming is lowered to levels of
10% to 20%, but only because MG is less efficient than FFT.
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Finally, the Mixed-Histo calculation manages to divide by two the dura-
tion of histogramming in the overall calculation compared to the full GPU even
though costly transfer are involved (except for the random distribution, see sec-
tion 3.4). In FFT-based simulations, the same amount of time is then spent in
the Poisson solver and in the histogramming. It explains the significant increase
of performance observed in the overall calculation when switching to this type of
histogram. In MG-based calculation, the weight of the histogramming becomes
even less important than it was. A moderate increase in perfomance is then
observed. It is reported in figure 2.

3.4 Sub components analysis

In addition to the absolute timings in Fig. 3, the speedups (compared to the CPU
versions) of the sub components of a time step are shown in Fig. 4. From these
measurments, we deduce that the overall speedup of the GPU version compared
to the CPU results mainly from a large gain in the resolution of the Poisson
equation, moderated by the low efficiency of the histogramming and sustained
by the speedups achieved in all the other steps of the calculation. The analysis
of the individual sub components follow.

Poisson solver From Fig. 3, it can be noted that the resolutions of the Poisson
equations are extremely time consuming for the CPU versions and among them
the multi-grid calculations are ten times slower than FFTs. The same difference
can be noted on the GPU versions, even though the speedup on GPU is 40 (for
the FFT) or 60 (for the Multi-Grid). Let us emphasize that the FFT-driven
resolution of the Poisson equation involves two Fourier transforms in opposite
directions and an isotropic filtering. If we consider only the FFTs, our measure-
ments showed that CUFFT is 2, 16 and 40 times faster than FFTW for the 323,
643 and 1283 experiments. It differs from measurements of [13] with a different
GPU but are consistent with the tests of [14].

Important speedups are measured for the multi-grid relaxation, where both
GPU and CPU code were written from scratch. Speedup is achieved using the
high-level parallelism of the computations involved in the restrictions, prolon-
gations and the Gauss-Seidel iterations. We think greater speedups might be
reached by fine-tuning the GPU routines, especially with a greater use of shared
memory for the redundant operations of restrictions/prolongation.

Histogramming On the downside, no gain can be observed for the histogram-
ming step on the GPUs. Even worse, this computation can be 5 times slower
on 1283 simulations an can go down to 10 times slower on the full GPU version
for 323 particles simulations (not studied here otherwise). The GPU-mix histo-
version performs the most expensive step on the host but still, the data transfer
(transfer rate and latency) results in this computation step being twice slower
than computation performed only on the CPU. The mixed version fill the gap
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for the sphere and disc simulations, but are at least 15% slower than the CPU
versions.

It should be mentionned that higher order assignment scheme exist (CIC,
TSC) where particles contribute to more than one cell [6], resulting in the calcu-
lation of 8(CIC) or 27 (TSC) histograms per timestep. The CPU or mixed-GPU
may suffer from these successive calculations. Conversely, the algorithm descibed
by [8] requires only one sort and may become more competitive as higher as-
signement scheme are used.

Interestingly, the random case simulations are less favorable to the CPU
versions in terms of histogramming: it cannot be as efficient as it writes data
in memory due to the fact that particles are spread in all the computation
box, presumably due to cache misses. In the two previous cases, the particles
were confined in certain sub regions (disc or sphere), ensuring a certain level of
cache hits. Meanwhile, the SIMD GPU histogramming routine relies on sort/scan
primitives which do not depend strongly on the particle distribution.

Accelerations and updates All the other stages of the calculation are sig-
nificantly speeded up on GPU, with speedups ranging from 5 to 120 compared
to the CPU versions. We noticed that the speedups of velocity updates increase
as the particles are spread in a larger portion of the grid, especially comparing
disc simulations to random simulations. To compute the velocity of a particle,
a given thread (or the CPU) finds the cell it belongs to and uses the associated
acceleration. If particles are strongly clustered, memory access scheme gets close
to neighboring accesses to the memory, which are more likely to be cached on
the CPU. Consequently, speedups are larger as the CPU fails to cache the mem-
ory accesses, as it is the case for the random simulation. Also, computing the
force/acceleration is faster along the x direction and results from the storage
of the grids in memory which favors certain directions in terms of contiguous
memory access among threads.

4 Conclusion and perspectives

Using CUDA API we developed a Particle-Mesh N-Body integrator that runs
on common graphic devices. All the steps of the algorithm were parallelized
and we obtain speedups that ranges from 2 to 50 depending on the size of
the problem and the choice of techniques. The density computation and the
Poisson solver are the critical part of the implementation. We implemented a full
GPU histogramming algorithm and solve the Poisson equation by means of FFT
and MG relaxation. For large problems, the resolution of the Poisson equation
is at least 40 times faster on the GPU using FFT and 60 times faster using
multi-grid relaxation, while the histogram computation is hardly accelerated on
GPU. Combined with the 10-100 speedups obtained on all the other steps (cell
assignment, acceleration computation/interpolation, velocity/position update) a
significant acceleration of the code is observed : for a typical 1283 data set we
achieve speedups of 12 for FFT based calculations and up to 45 for MG based
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Fig. 4. Speedup for the different stages of a single time step for the the GPU-Mix and
full GPU simulations on a 1283 grid.

ones. If the histogramming is partially performed on the host, higher speedups
of 20 for FFT-based and 50 for MG-based simulations are observed.

In a near future, we plan first to assess larger problems (2563, 5123) in order
to reach astrophysically relevant resolutions. Using devices with larger memory
capabilities and supporting atomic operations, it should be within our reach
using the Multi-Grid Poisson solver and an improved version of the histogram-
ming routine (following e.g. [15]). If such large situations can be handled, running
large multi-GPU simulations would be the next step to reach the billion parti-
cles with GPU speedups. However, it remains still unclear how network based
communication may lower the speedups obtained with a single device.

From an astrophysical point of view, the results obtained are encouraging.
Furthermore, this PM development is accompanied by two other codes : GPU
version of a non-linear FAS Multi-Grid solver for the modified Newtonian dy-
namics and the CUDA transcription of a cosmological radiative transfer code.
For these two other codes, speedups range from 10 to 80 compared to CPU ver-
sions. It opens interesting perspectives of an easy access to HPC-like calculations
in their desktop machines with a set of well-suited API’s enabled for GPUs.
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